In this paper, the incompressible laminar flow is considered inside a porous channel with expanding or contracting walls. While the head-end is closed by a compliant membrane, the downstream end is fully unobstructed. For symmetric injection or suction along the porous and uniformly expanding walls, the Navier-Stokes equations are reduced to a single, nonlinear, ordinary differential equation.
I. Introduction
TUDIES of porous channel flows have become a recurring topic in fluid mechanics due to the preponderance of related applications. Depending on the application at hand, porous walls have been used in the past to simulate a variety of surface mechanisms. These include natural transpiration, phase sublimation, propellant burning, ablation or sweating, and direct fluid injection or withdrawal. Such mechanisms take place in a number of interesting models of biocirculatory systems, flow filtration, chemical Hocking, 19 Sviridenkov and Yagodkin, 20 Brady, 21 and Durlofsky and Brady. 22 In the same vein, the proof of solution multiplicity over different ranges of R has been addressed by Robinson, 23 Skalak and Wang, 24 Shih, 25 Hastings, Lu and MacGillvray, 26 Lu, MacGillvray and Hastings, 27 MacGillvray and Lu, 28 and Lu. 29 Insofar as injection is concerned, only unique and stable symmetrical solutions were shown to exist for the entire range of the injection Reynolds number. This conclusion was first drawn by Skalak and Wang 24 and was later proved rigorously by Shih 25 and Hastings, Lu and MacGillvray. 26 For suction flows with 6 .0014 R < − , it was shown that at least one of the symmetric solutions could become unstable to twodimensional asymmetric disturbances and thus bifurcate into a pair of asymmetric solutions. For a thorough investigation of all possible patterns that could accompany suction flows, the reader is referred to Zaturska, Drazin and Banks. 13 For two-dimensional and three-dimensional considerations, the reader may also find valuable the articles by Cox 12 and Taylor, Banks, Zaturska and Drazin. 14 In validating the foregoing numerical and theoretical findings, laboratory experiments have also been carried out. Such investigations simulated, in general, steady channel flows through porous sheets. To name a few, one may cite Taylor, 2 Varapaev and Yagodkin, 17 Raithby and Knudsen, 18 and Sviridenkov and Yagodkin. 20 Overall, these studies have indicated that, in the case of wall injection, the asymptotic solutions by Taylor, 2 Yuan 3 or Terrill 4 tended to develop rapidly within the channel. For suction, more than one solution could be observed, with one corresponding to the simple approximation given by Sellars 5 and Terrill. 6 The purpose of this paper is to extend previous investigations by presenting theoretical solutions for both large injection and suction in a porous channel with expanding or contracting walls.
To make headway, we shall limit our scope to symmetric solutions only. In the suction case, the reader is cautioned that our model does not consider asymmetric solutions that may physically exist. To reduce the Navier-Stokes equations, we shall first combine the procedural tools found in Berman, 1 Yuan, 3 Sellars, 5 Terrill, 6 and Goto and Uchida. 30 Using similarity transformations in both space and time we will employ a linearly varying axial velocity and a uniform expansion (or contraction) ratio. This will reduce the Navier-Stokes equations into a single nonlinear equation that can be solved both numerically and asymptotically. Depending on whether injection or suction is present, two separate asymptotic procedures will be implemented to arrive at closed-form approximations. By making the walls motionless, our solutions will be shown to embrace previous formulations as one may restore, from ours, either Yuan's 3 or Sellars' 5 for the large injection and suction cases, respectively. From the asymptotic solutions, closed-form expressions will be obtained for the velocity, pressure and shear stresses that will be collectively used to characterize the flow. Furthermore, comparisons with numerical solutions will demonstrate the accuracy of the asymptotic formulations over a wide range of moderate-to-high Reynolds numbers.
II. Mathematical Model
A porous plenum or chamber can be modeled as a channel of rectangular cross section. In this study, one side of the cross section, representing the distance 2a between the porous walls is taken to be smaller than the other two. This enables us to treat the problem as a case of two-dimensional flow. Both sidewalls are assumed to have equal permeability and to expand or contract uniformly at a time-dependent rate a! . Due to the lack of restriction to specify a finite body length L , one may assume a semi-infinite length. 31 In order to accommodate expanding boundaries, the head end is closed by a compliant membrane that is allowed to stretch with channel expansion. At the downstream end, the channel is fully open.
As shown in Fig. 1 , a coordinate system may be chosen with the origin at the center of the channel. Using the over-bar in some cases to denote dimensional variables, we let x and y be the axial and normal coordinates. The corresponding axial and normal velocity components are defined as u and v . For uniform wall injection and no flow across the midsection plane, symmetry makes it sufficient to limit the investigation over half of the channel, extending from the midplane to the wall ( 0 y a ≤ ≤ ). For two-dimensional laminar and incompressible flow with no body forces, the differential expressions for mass and momentum conservation can be written as
where ρ , ν , p , and t are the dimensional density, kinematic viscosity, pressure, and time. The boundary conditions are:
At the wall, it is assumed that the fluid inflow velocity w v is independent of position. Additionally, the injection coefficient (
is a measure of wall permeability. At this point, the Stokes stream function may be introduced. This is accomplished via
Pressure can also be eliminated from the momentum equation by transforming it into the vorticity transport equation. In fact, taking the curl of the momentum equation yields
where 
III. Reduction of the Flow Equations

A. Similar Solution in Space
This equation will be dimensionally homogeneous if, and only if
The axial and normal velocities become , and 
In turn, partial derivatives change into . (17) Recalling that y and a are time-dependent, one may evaluate yt u as
By collecting terms, one gets 
By substituting Eq. (17) 
where λ is space-invariant. The boundary conditions given by Eqs. (4)- (5) can be updated into
where R is the crossflow Reynolds number defined by
. Note that R is positive for injection and negative for suction. Quantities expressed by Eqs. (9), (15) , (20) and (23) can be normalized via
where F is the characteristic mean-flow function. When this dimensionless set is used, the normalized equations become
C. Similar Solution in Space and Time
A similar solution with respect to both space and time can now be developed by precisely following the transformation described by Uchida and Aoki. 31 For constant α and
, it follows that
To realize this condition, the value of the expansion ratio α must be specified by its initial value
where 0 a and 0 a! denote the initial channel height and expansion rate. Forthwith, the temporal similarity transformation can be achieved by integrating Eq. (29) with respect to time. The result is
From Eq. (4), an expression for the injection velocity variation can be determined, provided that the injection coefficient A in Eq. (4) is constant:
Under these provisions, Eq. (27) becomes
where a prime denotes differentiation with respect to y . The exact solution becomes contingent upon finding an F that satisfies
1 is a special case of Eq. (32) that can be obtained by suppressing α .
IV. Solution for the Large Injection Case
For moderate-to-large values of the positive Reynolds number, Eq. (32) can be solved asymptotically. For that purpose, we define
as our perturbation parameter. The problem becomes that of solving
where a small parameter multiplies the highest derivative. Evidently, a regular perturbation expansion of the form
can be attempted. In fact, substitution into Eq. (34) gives, at
with
It can be easily verified that the leading-order solution is 0 sin 
A. First-order Solution in θ Terms of ( )
O ε can be gathered and separated. The emerging first-order equation is
This needs to be solved while satisfying
Switching to θ as the independent variable, and using
B. Solving by Variation of Parameters
The solution of Eq. (38) must be carefully constructed. First, one can attempt to solve the homogeneous equation,
To that end, one independent solution exhibited by Eq. (40) can be guessed to be
Having determined one independent solution, the method of variation of parameters may be employed. This requires setting
Substitution into Eq. (40) yields
(45) Thus K can be determined to be
where 0 K and 1 K are integration parameters. This completes the expression for the general homogeneous solution
According to the method of variation of parameters, the two constants 0 K and 1 K must again be allowed to vary with θ . At the outset, Eq. (47) becomes
The last term needs to be differentiated twice before substitution into Eq. (38). The first differentiation yields
(49)
C. Parametric Constraint
At this point, a procedural constraint that binds the derivatives of the variable parameters must be imposed. Our choice is guided by conventional theory that suggests setting
Equation (49) becomes
Differentiating a second time renders
We now substitute 1 F and its derivatives, given by Eqs.
(48), (51), and (52), back into the complete first-order equation, given by Eq. (38). The result is
Equation (53) 
By integrating for the variable parameters, one obtains
Inserting Eqs. (56)- (57) into Eq. (48) yields (60) The first-order solution is, therefore,
D. Complete Solution
The first-order corrections appearing in Eq. (61) can be combined with the leading-order solution. For added clarity, the resulting function and its derivatives are reproduced below at
Note that, following Eq. (38), primes have been used to denote differentiation with respect to θ . When reverting back to y , one must use
V. Solution for the Large Suction Case
For the large suction case, R is a large negative number and the location of the boundary layer is shifted across the domain. It is therefore necessary to rewrite the governing equation and its boundary conditions. Using primes to denote differentiation with respect to y , one may begin with
By letting 
where k is a constant and the prime has been reassigned to z . Since the suction flow is highly dominated by events that take place near the wall, a first approximation to Eq. (67) can be obtained near 0 z = by utilizing the corresponding boundary conditions in Eq. (68). Thus we find
where
is a large positive number. The solution to Eqs. (68)-(69) is
Considering that 
We find that, by keeping the first three terms, one is able to achieve reasonable accuracy while retaining simplicity of expression. On that account, the regular perturbation expansion becomes 
where 2 k is a constant. At this order, the boundary conditions become
Principal derivatives are hence 
VI. The Velocity Field
A numerical solution for Eqs. (32)-(33) can be readily obtained using a shooting method in conjunction with a seventh-order Runge-Kutta solver. The step size can be chosen to be sufficiently small to produce true values in at least 8 significant digits. With such negligible error, the numerical solution can be used as a benchmark for comparisons with the moderate-to-large suction and injection approximations. This will be performed over a range of crossflow Reynolds numbers and wall expansion rates.
A. Normal Velocity for Constant Expansion and Contraction Rates
Both numeric and asymptotic plots of the normal velocity v (or F − ) are now shown in Fig. 2 for constant wall expansion ( 69)) of 40 and 90 . In Fig. 2b , the effective Reynolds numbers become 60 and 110 . Insofar as the solution sensitivity to α diminishes at higher suction levels, the spacing between suction curves is reduced in Fig. 2b . Overall, wall contraction is found to accelerate asymptotic convergence in the suction case, whereas expansion seems to accelerate convergence in the wall injection formulation. The magnified portions of the graph indicate that asymptotics and numerics coincide for . Since the accuracy associated with the asymptotic expressions improves at higher effective Reynolds numbers, our models may be quite appropriate in the modeling of both hard-blowing and hard-suction surface phenomena.
B. Axial Velocity for Constant Expansion and Contraction Rates
For the same range of R and α , the self-similar axial velocity / u x is now plotted in Fig. 3 . By comparison to Fig. 2 , similar conclusions can be drawn. For instance, it can be seen that the injection velocity approaches the cosine profile predicted by Yuan 3 while the suction profile becomes progressively flatter as it approaches the plug pattern predicted by Sellars 5 in the absence of wall motion. Here too, the agreement between asymptotics and numerics improves at higher effective Reynolds numbers. In general, this agreement diminishes near the core where a viscous boundary layer involving exponentially small terms is believed to exist (cf. Terrill 32 ). While contraction in Fig. 3b aids the overall suction intensity (and therefore convergence), it leads to a more noticeable discrepancy between asymptotics and numerics in the injection case (e.g., 50 R = ). As far as minimizing the asymptotic error is concerned, contraction appears to be favorable for suction (since it increases M ) and adverse for injection.
C. Axial Velocity for Constant Crossflow Reynolds Numbers
In order to study the field sensitivity to α , the crossflow Reynolds number is now held constant at Figs. 4a and 4b . As α is now varied from 10 − to 10 + , both numerical and asymptotic solutions are compared. It thus becomes apparent that, for the same absolute value of the crossflow Reynolds number, the suction-flow approximation is more accurate and less sensitive to variations in α . Even so, the more accurate suction formulation (in Fig. 2b ) corresponds to a negative α (i.e., contraction combined with suction). On the other hand, the injection solution becomes less accurate at higher values of α (i.e., as | | α approaches | | R ).
Furthermore, for the same absolute value of α , the injection solution becomes more accurate for positive α (i.e., expansion combined with injection).
D. Improved Convergence in the Suction Flow Approximation
As illustrated in the graphs above, it appears that the suction flow approximation is more accurate than the injection flow solution for the same level of suction or injection. In fact, using the favorable combination of injection 100 R = and expansion 10 α = , numerics and asymptotics can be compared in Table 1 against the less favorable combination of suction 100 R = − and 10 α = . Despite the more favorable wall motion in the injection-expansion case, tabulated values indicate that a better agreement can be realized in the suction case. While the precision of the latter extends to 3 significant figures, the injection solution remains limited to 2 digits or less.
E. Limitations
Despite the improved accuracy of the suction formulation, it is clear that both asymptotic solutions deteriorate when the expansion or contraction ratios become of the same order as that of the crossflow Reynolds number. The only exception is that of increasing the contraction rate in the suction case. These observations can be explained by first considering the coefficient of the second term in Eq. (34). By recalling that the relevant perturbation solution is based on the condition that 1 αε # , it follows that, as α approaches R , the injection formulation becomes less reliable. For suction, on the other hand, since the effective perturbation parameter is based on the reciprocal of M , the expansion can also break down when the sum R α + is no longer large. This will be the case, for instance, when the expansion ratio R α → − becomes a large positive number. In practice, these limitations are not expected to pose any substantial barriers since | | α seldom exceeds 20.
F. Flow Streamlines
In order to help visualization of the fundamental flow structure, streamlines originating from several discrete locations along the wall are shown in Fig. 5 for several values of R and α . In Fig. 5a , increasing the Table 1 Comparison between numeric and asymptotic predictions for F at 10 α = , 100 R = , and 100 R = − .
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-9-Reynolds number from 50 to 500 in the presence of wall expansion seems to have a small effect on the flow turning severity. In both cases, the fluid enters the expanding channel almost perpendicularly to the walls. When the flow direction is reversed, a smaller flow suction angle is induced at the wall. By comparison to the gradual turning of the injection-induced flow, the more sudden flow turning associated with the suction case leads to steeper velocity and therefore stress gradients near the wall. When the same comparison is repeated in Fig. 5b with a contraction of 10 α = − , a more severe flow turning pattern is generally observed in both suction and moderate injection cases. The reason is this. As mass is injected more rapidly into the collapsing channel, removal of added mass near the head end requires an increasingly larger axial velocity component. Hence, in order to produce the necessary downstream convection, the relative magnitude of the axial versus normal velocity must increase with faster contraction rates. As explained earlier, for the large injection case (of 500 R = ), the solution becomes much less sensitive to α . On that account, no appreciable flow turning difference can be noted between Fig. 5a and 5b.
The effect of contracting or expanding walls is more clearly isolated in Fig. 5c where α is varied at constant R . By comparison with the 0 α = motionless case, a steeper flow turning takes place when the channel walls are in the collapsing mode. This is accompanied by an increase in the relative magnitude of the axial to normal velocity ratio. Conversely, a more gradual flow turning occurs when the walls are in the expansion mode. The consistent reduction in the axial to normal velocity ratio with successive increases in α leads to an interesting hypothetical case. When that ratio reaches zero (for a sufficiently rapid wall regression), the expansion of the walls will exactly negate the effect of flow injection. In that event, the streamlines will remain perpendicular to the wall with a zero axial flow component.
VII. The Stress and Pressure Fields
The constant companions of the velocity field are now considered. These include the shear stress and pressure distributions in both the axial and normal directions.
A. Shear Stress Distribution
To determine the shear stress, one may begin by considering Newton's law for viscosity, vi.
Inserting the velocity into Eq. (81) renders (
The shear stress may be made dimensionless by using the dynamic pressure as a reference. At the outset,
This simple formulation leads to a useful expression for the stress at the wall, namely, to Forthwith, asymptotic and numerical predictions stemming therefrom can be compared in Fig. 6 . In addition to the fair agreement between numerics and asymptotics, one may note a significant shear stress increase in the wall suction case. This increase becomes even more pronounced in Fig. 6b when the walls are in contraction. The increased w τ for suction flows is consistent with the velocity field description and may be attributed to the increased flow turning severity and steeper velocity gradients near the wall. For injection, the shear stress is negative due to the reversal in axial flow direction. It also decreases at higher Reynolds numbers since, as R becomes larger, the role of viscosity diminishes, the viscous layer becomes thinner and further distanced from the wall (cf. Proudman 7 ), and the shear at the wall becomes less appreciable.
Here too, the agreement between asymptotics and numerics improves at large R .
B. Normal Pressure Drop
In order to determine the normal pressure drop, one can begin by substituting Eq. (15) 
Following substitution into Eq. (3), a simple rearrangement yields ( )
The normal pressure distribution can now be determined by integrating Eq. (85) 
Recognizing that + , we note that the pressure drop increases with α for injection (Fig. 7a) , but decreases for suction (Fig.  7b) . We also note that, except for injection combined with wall contraction, the absolute pressure drop is largest near the walls. For 50 R = and negative α , the maximum (absolute) pressure drop occurs somewhere between the midsection plane and the wall. Overall, the asymptotic approximation appears to hold quite well up to | | 20 α = which is of the same order as R . We also note that, for injection and small εα in Fig. 7a , the pressure gradient y p is near zero at the wall. This is consistent with the behavior of Taylor's ideal profile. 
VIII. Conclusions
In this article, an exact similarity solution to the NavierStokes equations is presented. The problem arises in the context of a fluid entering a porous channel with moving walls. The similarity transformations in space For injection-induced flows, increasing the Reynolds number is also found to accelerate flow turning and to increase the ratio of axial to normal velocities. Conversely, increasing wall expansion seems to inhibit flow turning and decrease the shear stress at the wall. For injection Reynolds numbers in excess of 500 , our viscous solution approaches Taylor's inviscid sinusoidal profile provided that the expansion rate remains reasonably small.
Similarly, for suction Reynolds numbers below 50 − , our asymptotic approximation approaches Sellars' linear profile. As such, our current formulations embrace former solutions presented by Taylor, 2 Yuan, 2 and Terrill 4 for injection, and by Sellars 5 and Terrill 6 for suction in nonexpanding channels.
